We first give a proof of the last assertion (vii), which seems to be less familiar. By passing to the residue ring A [x]/q-^4 [x], we may assume q = (0). Then, let p be the radical of A, and 5 be the complement of p in A. By forming quotient rings of A and A [x] with respect to S, we may assume A is a primary ring with p as its unique prime ideal. Let ^4Z)p = qOq2D • • ■ Dq* = (0) be a composition series of ideals of A. Take arbitrary elements a,-(i= 1, 2, • • • ,1 -1) such that OiGqi, OiGqi+il then q,-=(qi+i, ai). Suppose aipQqi+i, then a,&Gqi+i for some element b in p. Then a,Gqi = (q,+i. dib), hence a,-= a,-&c(q,-+i) for some element c in A ; since 1 -be is a unit, we have a,Gq,+i, this is a contradiction.
Thus we have pqiCqi+j.
Consider the series:
we shall prove to be a composition series of the primary ideal (0). For that purpose, let q* be any primary ideal such that q,--^4 This is a special case of a well known theorem. To see this, we have only to consider the intermediary ring:
. This is a polynomial extension of R, and R* is a quotient ring of Ri.
Finally we shall note another application of (vii). Let Q be a local ring, m be its maximal ideal and put <2/rrt = k. Form a polynomial extension of Q: Q[x]; and form a quotient ring of Q[x] with respect to its prime ideal m-Q[x], which we shall denote by Q*. Let q be an m-primary ideal of Q, and tn*, q* be the extensions of m, q in Q* respectively. Then from (vii) follows that q and q* have the same characteristic function, i.e. Pq(s) =Pq,(s) in Samuel's notation [4] . A fortiori, q and q* have the same multiplicity: e(q)=e(q*). We notice the residue field of Q* is k(x). As is well known, a local ring with a finite residue field is sometimes harder to be dealt with. But the above observation suggests that as long as we concern the multiplicities of nt-primary ideals, there may be some cases where we can overcome the difficulty by passing from Q to Q*. We shall illustrate this by Notice that Q* has the same dimension as Q, the Z-dim. primary components of the zero ideal of Q*arenf,
• • • , nf, where nf = tiiQ*, and e(q-f-ni/rti) = e(q*-f-n*/n,*). Thus, in proving the above fact, we may assume that Q has an infinite residue field; this remark may bring about a considerable simplification to the proof. We will use the following notation: En+1 = Euclidean re + 1 space, p is the Euclidean metric, co is the origin in£"+1. 5"= {xG-E"+1|p(x, w) = l|. P" is projective n space. /»,-: AiXA2-^Ai, i=\, 2 will denote the projection.
SCp(A)=p dimensional Cech homology group of A with coefficients the integers mod 2 (the only coefficients to be used here). T2 = S1XS\ A = diagonal in T2. In a space X, A=X-A,A = closure of A. Lemma 1. Let g: S1->E1 be continuous, X a connected subset of T2 such that either piX = S1 or p2X = S1. Then there exists (x, y)£Z.X such that g(x)=g(y).
Proof.
If piX = S1, then there exists (xx, yi)G-X" such that g(xi)
= maxies' g(x), and (x2, y2)E:X such that g(x2)=minxes1 g(x). Then if neither (g(xi), g(yi)) nor (g(x2), g(j2)) is on the diagonal in E2, then they are on opposite sides. If piX9*S1, then we may make the above argument on the second coordinate.
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